We construct an Euler system of p-adic zeta elements over the eigencurve which interpolates Kato's zeta elements over all classical points. Applying a big regulator map gives rise to a purely algebraic construction of a two-variable p-adic L-function over the eigencurve. As a first application of these ideas, we prove the equality of the p-adic L-functions associated with a critical-slope refinement of a modular form by the works of Bellaïche
Introduction

Euler systems and zeta elements
The Birch-Swinnerton-Dyer conjecture and its generalizations relate special values of L-functions with various arithmetically defined groups. These conjectures are among the most fascinating and N such that for all primes ℓ ∤ N p we have trFrob ℓ |V x = φ x (T ℓ ), det Frob ℓ |V x = ℓχ W ,w(x) (ℓ)φ x ( ℓ ) with Frob ℓ ∈ G Q a geometric Frobenius. The function α = φ(U p ) ∈ O(C (N )) is nonvanishing on C (N ) and plays a distinguished role in the theory; in particular, the image of C (N ) in W × A 1 under the map x → (w(x), 1/α(x)) is a hypersurface over which C (N ) is finite.
Given an integer M |N , we say a point x ∈ C (N )(Q p ) is crystalline of conductor M if there is a (necessarily unique) normalized cuspidal elliptic newform
of weight k = k x ≥ 2 and nebentype ε fx such that φ x (T ℓ ) = a ℓ (f x ) and φ x ( ℓ ) = ε fx (ℓ) for all ℓ ∤ N p and furthermore α x is a root of the Hecke polynomial X 2 − a p (f x ) + p kx−1 ε fx (p). 1 It's not hard to see that any newform of weight ≥ 2 and level dividing N occurs this way. Given any point x ∈ C (N )(Q p ) with w(x) = k, k ≥ 2, we say x is noncritical if the inclusion of generalized eigenspaces
ker φx is an equality, and critical otherwise. Definition 1.1.1. A point x ∈ C (N )(Q p ) is noble if it is crystalline of conductor N , and furthermore x is noncritical and α x is a simple root of the pth Hecke polynomial of f x .
Note that a crystalline point of conductor N is noble exactly when the generalized eigenspaces in the definition of noncriticality are honest eigenspaces of common dimension one, in which case the p-stabilized form f x = f x (q) − p kx−1 ε fx (p)α
defines the canonical generator of both spaces. Our motivation for singling out these points is geometric: the eigencurve is smooth and étale over W locally at any noble point [Bel12] , and certain sheaves of interest are locally free of minimal rank around such points. It is conjectured that the final condition in the definition of nobility always holds [CE98] , and that a crystalline point of conductor N fails to be noble if and only if f x is a CM form and v p (α x ) = k x − 1; in particular, the map {noble points} → {newforms of level N and weight ≥ 2} x → f x is conjecturally surjective, one-to-one on the set of CM forms with p split in the CM field, and two-to-one on all other forms. These results are all known for points of weight 2, and in particular, any point such that f x is associated with a non-CM (modular) elliptic curve over Q is noble. Let C 
(N ).
The curve C is a disjoint union of connected smooth reduced rigid analytic curves, with a natural morphism i : C → C (N ). We will slightly abusively write w = w•i, φ = i * φ, α = i * α for the natural maps and functions inherited from those on C (N ). Any point in the smooth locus of C N −new 0 (N ) determines a unique point in C , and i is an isomorphism locally around any such point; in particular, this holds for any noble point. We find it very convenient to introduce the involution x → x c of C given on geometric points by φ x c (T ℓ ) = φ x (T ℓ ℓ −1 ),
Note that on crystalline points we have f x c = f c x where
f is the complex conjugate of f , and likewise for α x .
As we construct it here, the curve C carries a rank two locally free sheaf V with a continuous G Qaction unramified outside N p, such that for every noble point x ∈ C (Q p ) there is an isomorphism
(1) which is moreover realized by a canonical isomorphism
of Galois modules. Here T p E is the étale sheaf defined by the Tate module of the universal elliptic curve over Y 1 (N p). The sheaf V and its fibers provide canonical étale-cohomological realizations of the Galois representations associated with the overconvergent eigenforms parametrized by C . Following ideas of Pottharst, we define coherent Galois cohomology sheaves H 1 (Q(ζ m ), V (−r)) over C whose sections over an admissible affinoid open U are given by H 1 (Q(ζ m ), V (−r))(U ) = H 1 (G Q(ζm),N mp∞ , V (U )(−r)).
We denote the global sections of this sheaf by H 1 (Q(ζ m ), V (−r)). As a sample of our results, we state the following theorem. Theorem 1.1.3. Notation as above, let ν be any primitive Dirichlet character of even order and conductor A prime to N p, with coefficient field Q p (ν), and let r be an arbitrary integer.
i. There is a collection of global cohomology classes
such that for any prime ℓ ∤ N A, we have the corestriction relation
where σ ℓ ∈ Gal(Q(ζ m )/Q) denotes an arithmetic Frobenius at ℓ and P ℓ (X) ∈ O(C )[X] is the polynomial
ii. The class z m (r, ν) is unramified outside the primes dividing p.
iii. If x is a noble point such that either k x > 2 or k x = 2 and L(1, f x ⊗ ν) = 0, the specialization
is nonzero.
The corestriction relation in part i. here is the famous Euler system relation. We also construct classes in Iwasawa cohomology which interpolate the classes in Theorem 1.1.3 for varying r and m. More precisely, set Γ m = Gal(Q(ζ mp ∞ )/Q(ζ m )) and let Λ m be the sheaf of rings over C defined by
for U an affinoid open (we notate these and other allied objects in the case m = 1 by dropping m).
2
We construct a sheaf H 1 Iw (Q(ζ m ), V (−r)) of Λ m -modules characterized by the equality
For any integer r and any integer j ≥ 0, there is a natural morphism of sheaves 
whose image under θ r,j equals z mp j (r, ν) for all r ∈ Z and all j ∈ Z ≥1 , and such that under the natural twisting isomorphisms
we have Tw r1−r2 (Z m (r 1 , ν)) = Z m (r 2 , ν).
Theorem 1.1.3, while aesthetically pleasing, is somewhat useless in applications, since the Euler system machinery deals in integral structures. In fact Theorems 1.1.3 and 1.1.4 follow from our main technical result, which takes integral structures into account and which we now describe. Given k ≥ 2 and M ≥ 1, set 
is canonically isomorphic as a Hecke module to the cohomology of the local system induced by D
U (N ) and variants thereof are the main technical objects in this article. By construction V s,• U (N ) admits commuting Hecke and Galois actions, and we will see that in addition the Galois action is p-adically continuous and unramified outside the primes dividing N p. For any k ∈ U ∩ Z ≥2 , there is a natural Hecke-and Galois-equivariant "integration" map 
is the p-adic zeta element defined in §8.9 of [Kat04] .
These classes satisfy the Euler system relations as m varies and are compatible under changing U and s, among other properties. With this result in hand, we prove Theorems 1.1.3 and 1.1.4 by building the eigencurve and all associated structures from the finite-slope direct summands of the modules V
. Precisely, given a pair (U, h) with U ⊂ W as before and h ∈ Q ≥0 , we say this pair is a slope datum if the module V 
We construct the full eigencurve C (N ) by gluing the quasi-Stein rigid spaces C U rig ,h (N ) associated with the finite O(U)[
(or rather, associated with their "generic fibers": we have
) glue together over this covering into coherent sheaves V (N ) and H 1 (Q(ζ m ), V (N )(−r)), respectively, and the classes described in Theorem 1.1.5 glue into global sections c,d z N,m (r, a(A)) of the latter sheaf. Choosing ν as above and setting
we are able to show that for a judicious choice of c and d, the quantity µ c,d is a unit in
is well-defined independently of choosing c, d. Finally, we pull everything back under i : C → C (N ).
The proof of Theorem 1.1.4 is only slightly different, although it requires an additional intermediate result which seems interesting in its own right: we show that the module
, this yields natural integral structures on Coleman families. We refer the reader to §2 and §3 for the details of all these constructions.
Critical slope p-adic L-functions
We now explain an application of these results to p-adic L-functions. To do this, we need a little more notation. For the remainder of the paper we set
Let X be the rigid generic fiber of the formal scheme Spf(Z p [[Γ]]), so there is a natural bijection of sets (or even of groups)
Given a point y ∈ X (Q p ) we write χ y for the corresponding character, and likewise given a character χ we write y χ for the corresponding point. Let G be the sheaf of rings over C defined by G (U ) = O(U × X ), so G is a sheaf of Λ-algebras. We regard an element g ∈ G (U ) as an analytic function of the two variables x ∈ U (Q p ) and χ ∈ Hom(Γ, Q p × ), writing g x for its specialization to an element of O(X ) ⊗ Qp E x and g x (χ) or g(x, χ) ∈ Q p for its value at the point (x, y χ ). Let f = n≥1 a n (f )q n ∈ S k (Γ 1 (N )) be a cuspidal newform with character ε and coefficient
2 )) in the f -eigenspace whose projections γ ± to the ±1-eigenspaces for complex conjugation are nonzero, we define the periods of f by
By a fundamental theorem of Eichler and Shimura, for any integer 0 ≤ j ≤ k − 2 and any Dirichlet character η, the ratio
is algebraic, and in fact lies in the extension Q(f, η); here the sign here is determined by (−1) j = ±η(−1).
A p-adic L-function associated with f interpolates the special values L alg (j + 1, f ⊗ η) as η varies over Dirichlet characters of p-power conductor. More precisely, let X (k) ⊂ X (Q p ) denote the set of characters of the form t → t j η(t) with 0 ≤ j ≤ k − 2 and η nontrivial of finite order. Let f be either p-stabilization of f , with U p f = α f f , and let Q p (f ) be the extension of Q p generated by Q(f ) and α f . There are then two natural p-adic L-functions
associated with f , which we call the analytic and algebraic p-adic L-functions. Both L-functions satisfy the interpolation formula
for all t j η(t) ∈ X (k) (here p n is the conductor of η) and they both have growth "of order at most v p (α f )" in a certain technical sense. After the stimulating initial work of Mazur-Swinnerton-Dyer [MSD74] , the analytic p-adic L-function was constructed by many people using the theory of modular symbols in various guises; the cleanest approach is via Stevens's theory of overconvergent modular symbols, as developed by Stevens, Pollack-Stevens, and Bellaïche [Ste94, PS11, PS13, Bel12]. The algebraic p-adic L-function was constructed by Kato as the image of a certain globally defined zeta element in Iwasawa cohomology under the Perrin-Riou regulator map.
According to a theorem of Višik [Viš76] , any element of O(X ) with growth of order less than k − 1 is determined uniquely by its values at the points in
On the other hand, suppose we are in the critical slope case where v p (α f ) = k − 1. Even though the two p-adic L-functions agree at all points in X (k) , Višik's theorem does not apply, and Pollack and Stevens have pointed out (Remark 9.7 of [PS13] ) that comparing L p,an and L p,alg is a genuine question in this situation.
To the best of our knowledge, this theorem is the first comparison of two p-adic L-functions which isn't an immediate consequence of Weierstrass preparation, Višik's theorem, or some other "soft" result in p-adic analysis. When V f |G Qp is split, f is conjecturally a CM form, in which case this result is due to Lei-Loeffler-Zerbes [LLZ13] . Our method is completely different, and it would be interesting to know if we could treat the split case without the CM hypothesis.
Ideally, the proof of this theorem would proceed as follows. Let U be a suitably small affinoid neighborhood of the point x f corresponding to f . The indecomposability of V f |G Qp implies x f is a noble point [Bel12] . By the work of many authors (cf. ibid.), any choice of a section γ ∈ V (U ) as above gives rise to a canonically defined two-variable interpolation of L p,an , i.e. a function L p,an ∈ O(U × X ) with the following properties:
• L p,an,x has growth of order at most v p (α x ) for any x ∈ U (Q p ).
Suppose we could construct an analogous function L p,alg interpolating L p,alg and with exactly the same growth properties as L p,an . By the remarks immediately preceding Theorem 1.2.1, for any noble point x of noncritical slope the difference
is identically zero in O(X ) ⊗ Qp E x , so the Zariski-density of such points in U implies the equality L p,an = L p,alg . Specializing this equality at our original point x f implies Theorem 1.2.1. Of course, the existence of L p,alg is the really nontrivial ingredient in this argument. We don't actually construct L p,alg on the nose in this paper, but we do construct a function close enough in behavior that a slightly modified version of the above argument goes through.
To give this construction, we introduce a regulator map which interpolates the Perrin-Riou regulator map over C . Let R be the sheaf of relative Robba rings over C , so R(U ) ∼ = R Qp ⊗O(U ) for any admissible open affinoid U . The sheaf R carries commuting O C -linear actions of Γ and an operator ϕ. c . According to a beautiful result of Kedlaya-Pottharst-Xiao and Liu [KPX14, Liu14] , D * crys is a line bundle on C , and for each noble point x there is a canonical identification
There is a canonical morphism of sheaves of Λ-modules
crys , G ) which interpolates the Perrin-Riou regulator map on all noble points: given any affinoid U ⊂ C ,
is the Perrin-Riou regulator map and v * x is the linear functional induced by v x via the natural perfect pairing
Now choose a pair of characters ν + , ν − as in §1.1, with conductors A ± and with ν ± (−1) = ±1, and set
with P ℓ as in Theorem 1.
The finite product here has the effect of "deleting the Euler factors" of L p,alg (f x ) at primes dividing A + A − .
A conjecture
With an eye towards an optimal version of Theorem 1.2.3, we offer the following conjecture.
Conjecture 1.3.1. There is a canonical morphism of abelian sheaves
such that for any noble point x ∈ C (Q p ) and any γ ∈ U ⊂ C we have
where z (p)
•,f denotes Kato's "optimal zeta element"
associated with a nobly refined form f .
It seems likely that z C can be obtained by patching suitable linear combinations of the classes c,d Z N,1 (U, 0, a(A)) h defined in §3.2 below. We shall give some partial results towards this conjecture in [Han15] .
Notation
We write K 0 (N ), K 1 (N ) and K(N ) for the usual adelic congruence subgroups of GL 2 ( Z), and Γ 0 (N ), Γ 1 (N ), Γ(N ) for their intersections with SL 2 (Z). If N = p n is a prime power we sometimes conflate the former groups with their projections under the natural map
be the subgroup consisting of matrices which are upper-triangular modulo p, and let ∆ ⊂ GL 2 (Q p ) be the multiplicative monoid given by
Note that ∆ is generated by I together with the matrix diag(1, p).
open of finite index, we define the associated open modular curve first as a complex analytic space by
This is a possibly disconnected Riemannian orbifold, and the determinant map
induces a bijection between the set of connected components of Y (K)(C) and the finite group
We write L, M for a pair of positive integers with L + M ≥ 5. Let Y (L, M ) be the modular curve over Q representing the functor which sends a Q-scheme S to the set of isomorphism classes of triples (E, e 1 , e 2 ) where E/S is an elliptic curve and e 1 , e 2 ∈ E(S) are two sections of E → S such that Le 1 = M e 2 = 0 and the map
→ (E, ae 1 , abe), and let a | b * denote the induced pullback map on functions. Let T n and T ′ n denote the Hecke operators and dual Hecke operators as defined by Kato, so
• m denotes the scheme of primitive mth roots of unity.
We often denote "Z p -integral modules" with a superscripted •, and denote the outcome of applying (−) ⊗ Z Q by removing the •. Sometimes we apply this convention in reverse: in particular, if M is a Q p -Banach module, we denote its unit ball by M
• . If X is a reduced rigid analytic space, we write O(X) for the ring of global functions on X, O(X) b for the ring of bounded global functions, and O(X)
• for the ring of power-bounded functions. All Galois cohomology groups are taken to be continuous cohomology.
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Background on overconvergent cohomology
In this section we prove some foundational results on "étale overconvergent cohomology." As noted in the introduction, we work with small formal opens in the weight space, as opposed to the more familiar affinoid opens. However, there is a serious payoff for this slight complication: the filtrations which this point of view allows are so well-behaved that they completely obliterate any possible difficulties involving higher derived functors of inverse limits. The basic constructions and finiteness results in this section generalize with very little effort to yield a workable definition of étale overconvergent cohomology for any Shimura variety: this should be particularly attractive in the context of quaternionic Shimura curves and Kottwitz's simple Shimura varieties, where the middle-dimensional cohomology gives the "right" Galois representation.
Locally analytic distributions
Let s be a nonnegative integer. Consider the ring of functions
Recall that by a fundamental result of Amice, the functions e s j (x) = ⌊p −s j⌋! x j define an orthonormal basis of A s . The ring A s is affinoid, and we set B s = Sp(A s ), so e.g.
Let W be the rigid generic fiber of the formal scheme
× be the universal character induced by the inclusion of grouplike elements
× . The canonical splitting
] is the ring of power series convergent on the open unit disk, by mapping the grouplike element
The universal character is given by the convergent series
The pair (W , χ W ) is universal for pairs (Ω, χ Ω ), where Ω = SpA is an affinoid space and
× is a continuous character; given any such pair, there is a unique morphism f :
× , and (W, χ W ) satisfies an analogous universal property for formal schemes. If λ ∈ W (Q p ) is a point, we shall always denote the associated character by λ as well. We embed Z into W (Q p ) (and into W(Z p )) by mapping k to the character λ k (z) = z k−2 . Now let U ⊂ W be a formal subscheme of the form U = Spf(R U ) with R U a Z p -flat, normal and module-finite 
We may choose an ideal a ⊂ R U containing p such that R U is a-adically separated and complete and each R U /a n is a finite abelian group. Let s U be the least nonnegative integer such that
where the indicated completion is the 1 ⊗ a-adic completion. In the Amice basis we have
The formula
, with the dual right action, and set
The following lemma quantifies the continuity of the ∆-action on these modules.
Lemma 2.1.1. For any s ≥ s U and n ≥ 1, the principal congruence subgroup
Proof. Let C s denote the Banach space of functions F : I → Q p which are analytic on each coset of K(p s ), in the sense that
for any fixed γ ∈ I. Regard C s as a left I-module via right translation. The key observation is that K(p n+s ) acts trivially on C s,• /p n and thus on ( C s,• ⊗ Zp O(U))/p n . To see this, fix γ ∈ I and F ∈ C s,• , and for
Then for any h ∈ K(p s+n ) we have
by Proposition 7.2.1/1 of [BGR84] . Let B − denote the lower-triangular matrices in I. A simple calculation shows that the map
U from the subspace of functions
This is a closed subspace of C s,• ⊗ Zp O(U), and so A
Next we construct the filtration on D 
To unwind this, note the identification
Setting c with only finitely many j's appearing, and thus
Taking the inverse limit over i, we easily see that D s,•
U is separated and complete for the filtration defined by the Fil i 's, and that this filtration possesses all the other claimed properties. Now suppose k ∈ Z ≥2 and U is such that k ∈ U(Q p ); let p k ⊂ O(U) be the prime cutting out k. Let A s k be A s with the left action 
which induces a ∆-equivariant surjection
deg≤k−2 endowed with the right GL 2 (A)-action
and set in particular
. By a simple calculation, the map
Lemma 2.1.4. The map i k fits into a ∆-equivariant commutative diagram
compatibly with varying i, s and U in the evident manner. Proof. We observe that i k can be realized as the composite map
and the composition of the first two of these maps carries
. To see the latter, note that
where the first line follows from the fact that a
plays a key role in our constructions. Note that the various µ Dir 's are carried to each other under the "change of s" or "change of U" maps, so we are justified in omitting U and s from the notation. We also write µ Dir for the image of µ Dir in D 
Étale overconvergent cohomology
Let Y = Y (K) be any modular curve with the p-part of K contained in I, so any of the modules introduced in §2.1 defines a local system on the analytic space Y (C) associated with Y .
Lemma 2.2.1. The natural map
is an isomorphism.
Proof. This map is surjective with kernel isomorphic to lim 
This is isomorphic to H
as an R U -module and Hecke module, and is equipped additionally with a p-adically continuous 3 R U -linear action of G Q commuting with the Hecke action. If L, M is a pair of integers as earlier with p|M , or N is an integer prime to p, we define in particular
. Before continuing, we need some results about slope decompositions. Recall the notion of an augmented Borel-Serre complex of level K from [Han14] : this is a functor
from right K-modules to complexes of abelian groups with various good properties, such that
with r(i) independent of M and zero for i / ∈ [0, 2], and C • (M ) inherits any additional structures carried by M which are compatible with the K-action; furthermore, if the K-action on M extends to a right action of some monoid S with K ⊂ S ⊂ GL 2 (A f ), any Hecke operator T ∈ C ∞ c (K\\S, Z) lifts to an endomorphism T ∈ End Ch (C • (M )). Now take K = K 1 (N p), and suppose (U, h) is a slope datum in the sense of [Han14] , i.e. we may choose an augmented Borel-Serre complex such that
h with respect to the action ofŨ p . Note that even though D s U is not quite orthonormalizable, all the Riesz theory arguments of [Buz07, Col97] 
Taking the cohomology of this decomposition yields a Hecke-and Galois-stable direct sum decomposition V
The following proposition is a key finiteness result.
is finitely presented, and in particular is separated and complete for the a-adic topology, and thus for the p-adic topology as well.
Proof. Fix the Borel-Serre complex
) is a slope datum, and let Z 1 (−) denote the cocycles in degree 1.
h induces an analogous decomposition of the cocycles. We have the commutative diagram
where i h (resp. pr h ) denotes the natural inclusion (resp. projection). Choose elements ], and Q * (X) = X deg Q Q(1/X).
h is a continuous map of p-adic Banach spaces, so the sequence of cocycles pr h (z n ) is bounded as well. But the topmost horizontal arrow in the diagram is a continuous map of p-adic Banach spaces carrying pr h (z n ) to pr h (c n ), so we have a contradiction.
The map
, and we write V U,h (N ) for the inverse limits along these isomorphisms. 
We say Z U,h is slope-adapted if the natural map Z U,h → U is finite and flat.
Lemma 2.3.1 (Buzzard). There is an admissible covering of Z by slope-adapted affinoids Z U,h .
Proof. This is Theorem 4.6 of [Buz07] .
Lemma 2.3.2 (Buzzard). If U ⊂ W is an affinoid subdomain and h ∈ Q with Z U,h slope-adapted, we can choose an affinoid subdomain V ⊂ W and an
Proof. Immediate from Lemma 4.5 of [Buz07] . Note that Z U,h = Z U,h ′ .
Lemma 2.3.3. For some index set I, we may choose pairs of affinoid subdomains U ′ i ⋐ U i and rationals h i such that Z Ui,hi ∩(U ′ i ×A 1 ) = Z U ′ i ,hi and both (Z Ui,hi ) i∈I and (Z U ′ i ,hi ) i∈I are admissible coverings of Z by slope-adapted affinoids.
Proof. Immediate from the previous two lemmas. Lemma 2.3.4. Notation as in the previous lemma, we may choose formal opens
⊂ U i and such that (Z U rig i ,hi ) i∈I is an admissible covering of Z by slope-adapted admissible opens.
The existence of such a map is the definition of the relative compacity
• is module-finite over Z p X 1 , . . . , X d . Now let
and let R i be the normalization of R 
Notation as in the previous subsection, fix a choice of augmented Borel-Serre complex, and let F ∈ O(W){{X}} be the Fredholm series such that
has a natural structure as an O(Z U rig ,h )-module, by letting X act as U −1
p . These actions are compatible as U and h vary, and in particular we may glue the V U rig ,h (N )'s over a chosen admissible covering of the type provided by Lemma 2.3.4 into a coherent sheaf V (N ) over Z such that
. This is clearly a module-finite O(U)[ 1 p ]-algebra, and we have natural quasi-Stein rigid spaces C U rig ,h (N ), finite over Z U rig ,h , such that
We finally obtain the eigencurve C (N ) by gluing these rigid spaces over our chosen covering of Z . Since the V U rig ,h (N )'s are naturally finite O(C U rig ,h (N ))-modules, we may glue them into a coherent sheaf V (N ) over C (N ) (under the spectral projection π :
with a slight abuse of notation). The Galois action on each V U rig ,h (N ) glues into an action on V (N ). Finally, for any number field K and any finite set of places S of K containing all places dividing N p∞, the Galois cohomology modules Let T
Is it possible to glue the formal schemes C 
Big zeta elements
Throughout this section, we let L, M denote a pair of positive integers with p|M , and let N denote a positive integer with p ∤ N . The main reference for this section is §8 of [Kat04] . We largely omit proofs in this section, but this seems a reasonable decision to us: these proofs are (unsurprisingly) given by cross-pollinating the proofs in [Kat04] with Theorem 3.1.1 below.
Chern class maps and zeta elements
Theorem 3.1.1. There is a canonical family of maps
with the following properties.
commutes for any U ′ ⊆ U and s ≥ s U , where the vertical arrow is induced by the map D
commutes, where Ch L,M (k, r, r ′ ) is Kato's Chern class map and the vertical arrow is induced by the integration map in weight k.
By Theorem 3.1.1, we immediately deduce Proposition 3.1.4. For any k ∈ Z ≥2 ∩ U, we have an equality
is the p-adic zeta element defined in §8.4 of [Kat04] .
By the argument in §8.5-8.6 of [Kat04] , the class c,d z s L,M (U, r) is unramified away from p.
Cyclotomic zeta elements
In this subsection we p-adically interpolate the construction given in §8.9 of [Kat04] . Let m, A be positive integers with p ∤ A, let a(A) denote a residue class modulo A, and let c, d be any integers with (cd, 6pmA) = (d, N ) = 1. Choose any integers L, M with mA|L, L|M , N |M , prime(L) = prime(mpA), and prime(M ) = prime(mpAN ), and let 
Proposition 3.2.1. For any k ∈ Z ≥2 ∩ U, we have an equality
Note that Kato defines c,d z (p) 1,N,m (k, r, k − 1, a(A), prime(mpA)) without assuming p ∤ A, but we require this since t m,a(A) does not respect Γ 0 (p)-structures when p|A. Proposition 3.2.2. Notation as above, let ℓ be any prime with (ℓ, cd) = 1. Then
Proof. Follows formally from the properties of all the maps defined so far and Kato's analysis of the Euler system relations in K 2 .
Applications to p-adic L-functions
The regulator map
In this subsection we prove Theorem 1.2.2. Let
be the Robba ring over Q p , and set
For background on (ϕ, Γ)-modules over R L , we refer the reader to [Ber11, CC99, KPX14, Pot12] .
Notation as in the theorem, fix an affinoid U ⊂ C . We define Log| U as follows: For any
is the image of z under the sequence of maps
Let us explain these arrows one-by-one. The first arrow follows from the identification
The second arrow follows upon composing the canonical isomorphisms
We refer to Corollary 4.4.11 of [KPX14] for details. For the third arrow, recall that
To calculate the ψ-action on the image of this functional
ψ=1 , note that the ϕ-action on this Hom space is characterized by the equation
, and likewise the ψ-action is characterized by
. By the definition of an étale ϕ-module over R(U ) we may (locally on
as claimed.
To check that the third arrow really has image in the claimed subspace, note that for L/Q p finite and any a ∈ O L , there is a natural inclusion R
(This is a special case of [Col10] , Prop. I.11.) In particular, given a reduced affinoid U and a function f ∈ O(U )
• with f = 1, there is an inclusion
Now at any crystalline point x of weight k x ∈ Z ≥2 , the specialization α 
Specialization at noble points
In this section we analyze the specializations of the classes z m (r, ν) and Z m (r, ν) at noble points and prove Theorem 1.2.3 and Theorem 1.2.1. Let f ∈ S k (Γ 1 (N )) be a cuspidal newform, α a root of the pth Hecke polynomial of f , and f the associated p-stabilization of f . We assume that x f is noble. Set
and V
• f =obvious lattice, so V f (k) is simply the fiber of V at x f . Define Proof. The ring O(X ) b is a one-dimensional, Noetherian, regular, Jacobson ring, and in particular every prime ideal is maximal and principal. If m is a maximal ideal, then the usual long exact sequence in cohomology gives a surjection
and the H 0 vanishes by the irreducibility of V f . Therefore H Kato's 'optimal Euler system' is an injective Q p (f )-linear map ii. Under the hypothesis of Theorem 1.1.3.iii, the class δ(f , ν) is nonzero.
Proof. This follows from Proposition 3.2.1 together with Lemma 13.11 of Kato. In fact, writing δ(f , ν ± ) = b ± · γ ± with γ ± any basis of V 
Iw (V f (k − 1)). Therefore by Theorem 1.2.2, we have
as claimed. Proof of Theorem 1.2.1. Fix a small connected affinoid U ⊂ C containing x f and some nowhere vanishing section v ∈ D * crys (U ), and choose γ ∈ V (U ) with γ ± x f = 0. By our previous analysis together with a deep theorem of Rohrlich [Roh84] , we may choose ν ± such that L ν ± is not identically zero at x f . Let X ± denote either portion of X , and consider the ratio
By the same theorem of Rohrlich, L p,an (f )| Xi = 0 on any connected component X i of X , so the denominator is not a zero-divisor and this ratio is well-defined. Shrinking U if necessary, we may assume the denominator of R ± is a non-zero-divisor after specialization at any noble point y ∈ U (Q p ). Choosing any such point y of noncritical slope, we have
